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Calculation of Low Mach Number Reacting Flows

Harry A. Dwyer*
University of California, Davis, Davis, California

A numerical method has been developed to calculate low Mach number and reacting flows in general and the
burning and vaporization of a hydrocarbon droplet in particular. The method is time accurate and it makes use
of the continuity equation to form a pressure correction. The basic transport equations have been given a
finite-volume form, and a predictor/corrector algorithm has been employed. The continuity equation and the
pressure-correction step have been solved to high numerical accuracy with the use of direct solver technique,
which also has the advantage of improved efficiency. The physical problem of the burning and vaporization of
a high molecular weight hydrocarbon droplet is a very difficult one due to the very large temperature and density
gradients in the flow, and also due to the complicated flow structures which develop during a droplet's lifetime.
The methods used in this research have successfully solved these problems, and a detailed history of the droplet
has been calculated and studied.

Introduction

T HE purpose of this article is to describe the progress that
has been made in the numerical simulation of the un-

steady processes that occur during the vaporization and com-
bustion of individual hydrocarbon fuel droplets in a hot oxi-
dizing environment. It is the premise of this type of research
that a good understanding of the most important physical
processes in droplet dynamics can be obtained with a digital
computer simulation, and that the studies will be valuable in
other areas of combustion science such as spray combustion.
It is also the purpose of the article to describe the methods that
have been used in detail so that they can be utilized and im-
proved as the power of the digital computer grows.

Although there has been a large number of developments in
the use of the digital computer to simulate many fluid-flow
problems in such fields as aerodynamics and simple turbulent
flow, there has not been as much activity in multiphase and
reacting flows. The primary reason is due to the fact that a
vaporizing and burning droplet involves the interplay of a
large number of different physical time scales. These time
scales are characterized by the dimensionless parameters which
appear in the equations of motion and are well-known by the
names Of the famous men who have contributed to their use,
such as Reynolds, Domkohler, Mach, Prandlt, and Lewis. The
resulting difficulties from the multiple time scales in reacting
flow problems can be comprehended when one is reminded of
the fact that many gifted scientists spent their entire careers in
studying only a small portion of the time-scale variation asso-
ciated with just one dimensionless parameter, such as
Reynolds number.

An early and current leader in low Mach number flows has
been the group at Imperial College in London under the
original leadership of Brian Spalding, which has developed a
large number of outstanding researchers. A good survey of the
present state of the methods, which have been used to solve a
wide variety of reacting and nonreacting flows, can be found
in the textbook of Patankar.1 A more general view of the
development of the field can be found in the pioneering text-
book of Roache,2 and this book describes in detail many of the
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early research efforts at Los Alamos National Laboratories
and the efforts by Chorin.3 The problems that developed in the
solution of low Mach number flows were due to a sensitivity to
errors in the calculation of the pressure field from the continu-
ity equation, and a possible decoupling of the pressure field
from the velocity field if certain types of difference schemes
are utilized. It is known that there are many ways to avoid
these problems, and a modern new approach will be presented
in this article.

One of the first numerical efforts to study the vaporization
of a hydrocarbon droplet was the steady-state work of Renk-
sizbulut.4 In this investigation, a steady-state correlation for
the total drag and Nusselt number was investigated and com-
pared with experimental results and found to have merit. Un-
steady investigations of vaporizing hydrocarbon droplets were
carried out by Dwyer and Sander,5'6 with an averaged-density
approximation. Further and more complete studies by Pat-
naik, et al.7 and Hay wood8 confirmed these results, and the
investigation of Haywood showed that a modified form of the
steady-state correlation of Renksizbulut may have validity in
complex hydrocarbon studies.

Problem Definition
A description of the physical problem to be addressed is

exhibited in Fig. 1 where the flow over a vaporizing droplet is
shown in a schematic way. As can be seen from this figure, the
flowfield is characterized by the freestream conditions far
from the surface and upstream, the droplet itself and its inter-
face, and the conditions downstream arid far from the surface.
In its most complete form, the problem involves an interaction
between gas and liquid phases, and the complete system must
be modeled and calculated. The basic tasks are made much
more difficult for the burning of hydrocarbon fuel droplets
because of the very large variation of physical and transport
properties which occur due to differences in species molecular
weight and the large temperature differences caused by chem-
ical reactions and freestream conditions. An example of typi-
cal property variations caused by individual effects for a dec-
ane droplet is presented in the lower portion of Fig. 1. If the
cold surface characteristics of pure decane are used for the
density and the viscosity rather than the hot-gas freestream
properties, the Reynolds number varies by more than a factor
of 50 times. This variation in Reynolds number is very large
and presents serious problems if an approximate calculation of
drag and heat transfer is attempted with a semiempirical corre-
lation.
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Fig. 1 Flow system and geometry.

System Equations
A very significant finding of this research effort is the im-

portance of the use of control-volume techniques to generate
the basic system of finite-difference equations for mass, mo-
mentum, and energy transport. It has been the experience of
the present investigator that a large number of mistakes are
continually being made in going from the differential equa-
tions to a finite-size volume when one is trying to describe a
complex flow system. A much more physically satisfying ap-
proach, and one which leads to a reduced number of errors, is
to start with the basic laws of physics written in finite form or
the so-called control-volume form. The transport equations in
control-volume form can be written as

Continuity Equation:

(1)

The Low Mach Number Limit
For the problems which will be treated in this article, it will

be useful to take the low Mach number limit of the above
equations. A clear description of this process can be found in
the article by Merkle and Choi,11 and the primary purpose of
taking this limit is to eliminate acoustic wave propagation
from the system of equations. The result of this process is that
the pressure field can be separated into a thermodynamic part,
Pr, and a dynamic part, /?, which appears in the momentum
equations. The thermodynamic part of the pressure is constant
in space, and is utilized in the equation of state to calculate the
local density for a gas. (For an incompressible fluid, the
thermodynamic pressure does not appear directly in the basic
equations.) The dynamic part of the pressure field is needed
for the solution of the momentum equations, and the lack of
an explicit equation to calculate this pressure field has been
one of the principal difficulties with this limit of the Navier-
Stokes equations.

Most of the methods of the calculation of the dynamic
pressure field have been based on the use of the continuity
equation to generate an elliptic Poisson equation. The pio-
neers in this field have been the researchers at the Los Alamos
Research Laboratories and A. J. Chorin,2'3 and the re-
searchers at Imperical College have introduced many varia-
tions to the basic methods. Although there has been a signifi-
cant number of problems solved, there does not seem to be a
large amount of effort spend on time-dependent or variable-
density problems. In the present paper, a time-dependent
method will be given, and many of the difficulties associated
with this model in the past will be explained.

Another good reason to utilize the low Mach number model
is due to the large temperature differences in a problem with
chemical reactions and heat transfer. Local errors in the tem-
perature field of just a couple of degrees centrigrade can be
converted into rather large pressure changes when compared
to the stagnation pressure for a flow with a maximum velocity
of less than 10 m/s. (The reader can check this with the use of
the isentropic equations of gas dynamics.) When the low Mach
number approximation is applied, this possibility is eliminated
since the thermodynamic pressure is constant in space.

Momentum Equation:

= -\\spdA -jj5r" -dA (2)

Energy Equation:

d/dt [\\lpedV] + \\s

Species Equation:

= - JJA - dA

= -\\sqk-dA

" d V (3)

Boundary Conditions
The application of boundary conditions is made much sim-

pler with the use of the control-volume formulation of the
basic equations. The boundary conditions can usually be ob-
tained by taking the limit as the volume of a cell approaches
zero, and by applying results from physical observation. For
example, the conditions of a continuous distribution of veloc-
ity, temperature, and other thermodynamic variables follow
from physical considerations and observations, whereas the
conditions for the pressure field, the stresses, the heat fluxes,
and the mass fluxes at the interface locations can be found
from the surface limit of the control-volume equations.

where the surface dA and volume integrals d V, are defined by
the midpoints between cells, / is the time, p is the density, Vis
the velocity vector in Cartesian form, T" is the stress tensor, qe
is the heat-flux vector, Se is the heat-release source term, Yk is
the mass fraction of species, qk is the diffusion flux of species
k, and Sk is the chemical rate term for species k.

For problems with moving boundaries, liquid/gaseous in-
terfaces, and complex geometries, the finite-volume formula-
tion offers definite advantages over most other methods due
to the physical clarity of the method and its inherent advan-
tage for conservation of physical properties. The method also
can treat basic shapes other than generalized quadrilaterals,
and it can easily utilize triangular geometries or other useful
cell shapes. It can be said that the finite-volume method is the
most useful extension of the generalized coordinates methods
that have been employed for the development of adaptive
gridding and advanced airfoil geometries.9'10

Numerical Methods
A basic purpose of the article is to present in detail the

numerical methods that have been developed and used to solve
the present class problems. The challenging droplet-dynamics
problem represents a severe test for the numerical methods.
The methods used can be described in three parts, and these
are given below.

A. Basic Numerical Method
The fundamental philosophy that was considered in the

choice of the numerical method was to employ the most im-
plicit method possible within the capability of the memory and
speed of the digital computer. The direct solution of the entire
system of resulting algebraic equations with a banded solver12

is a very implicit and accurate method, but is beyond the
capability of even the future generation of digital computers
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for multidimensional problems with chemical reactions and
time-dependent conditions. The first choice considered was the
approximate factorization methods developed at NASA
Ames,13 and which are used widely in the Aerospace industry
under high Reynolds number conditions. These methods have
good stability characteristics for two-dimensional problems
and can employ a variety of time-accurate forms; however,
they do have some problems with complex grids for lower
Reynolds numbers. A better alternative for problems with
strong diffusion or elliptic influences is to use predictor/cor-
rector methods with the updating of all of the terms in the
equations.14

In order to achieve a factored form for the space coordi-
nates, a predictor/corrector two-step algorithm is utilized to
solve the convective space terms and the Laplacian-like opera-
tors. On the predictor step one coordinate direction is implicit,
and on the corrector step the other coordinate direction is
made the implicit one. During both steps the new values of T
at time (n + 1) are used immediately in the algorithm after
being calculated. The finite-difference forms for the diffusion
operator on a uniform grid are as follows:

Predictor-Jt-Direction Implicit:

Tn'

Corrector -^-Direction Implicit:

Tn+li~lJ)/Ax2

_ 2T" Tn

(5)

(6)

where the index (n' + 1) denotes the predicted values from the
first part of the algorithm.

The main advantage of a predictor/corrector algorithm is
for problems with large differences in grid cell or fast chemis-
try. In this situation, the added implicitness of the corrector
and the updating of all terms in the equation can make a
substantial improvement in the efficiency and stability of the
resulting solution. (There is some degradation of time accu-
racy for the predictor, but this can be improved with an ADI
type of predictor.) An example of this improvement for a
complex grid system is shown in Figs. 2 and 3, where the
convergence histories of three algorithms are given for a
skewed and stretched grid. The time step taken in the numeri-
cal simulation was equal to the value for a purely explicit
method on the largest grid cell, but this step is much larger
than the explicit time step for the fine cells near the origin
(actually 1000 times larger). The convergence history of the
approximate factorization method13 is poor, whereas the pre-
dictor/corrector method compares favorably with the best of
all methods, the direct solution of the linear system equations.
The reader may be tempted to think that Laplace's equation
may not be representative of reacting flow problems, but it
must be remembered that both the calculation of flame propa-

T =1

gation and the solution of the pressure field are dominated by
the Laplacian operator term.

The application of the above algorithm to the finite-volume
form of the Navier-Stokes is straightforward but tedious, and
can be illustrated with the heat-flux term in the energy equa-
tion:

- \\qe • cL4 = k(dT/dx)dAx

+ (8T/dz)dAz

(3T/dy)dAy

(7)

If the control volumes are defined by a nonorthogonal distri-
bution of cell centers organized with the generalized coordi-
nates £, 77, and f, the above expression becomes

- cL4 =

(8)

where a local coordinate transformation issued to between the
xy z and the £ 77 {"coordinate directions. (This transformation
is always found by numerical methods.) The predictor /correc-
tor algorithm is then utilized along the directions £ ,77 , and f,
if the grid points are set up in an ordered fashion. The other
terms in the control-volume equations which involve deriva-
tives, such as the stress tensor and the diffusions fluxes, are
evaluated in a similar way.

A brief discussion will now be presented for the numerical
treatment of the various terms which appear in the basic sys-
tem of equations. The general rule is that all volume terms are
evaluated at the center of the cell, and all surface terms at the
surface of cell (the transport properties included). The surface
terms can only be found by averaging between cell centers, and
for a second-order method (in the finite-difference sense) this
implies a linear variation between cell centers. For the convec-
tive-flux terms and the pressure force in the momentum equa-
tions, there is no coordinate transformation necessary to cal-
culate there terms and only vector dot products are required to
form the system of algebraic equations. The major problem
that one faces is the calculation of the pressure field from the
continuity equation and the sensitivity of the momentum equa-
tions to errors in the pressure field. This type of sensitivity is
not encountered in high Mach number flows where there seems
to be no need to take special precautions. However, for low
Mach number flows with or without density variation, special
precautions must be taken to avoid decoupling of the pressure
field and the buildup of errors. The methods presented above
have been used for a wide variety of heat- and mass-transfer
problems,18 as well as three-dimensional flows.19

0 100 200 300 400
N - Number of Time Steps

Fig. 2 Skewed and stretched grid. Fig. 3 Convergence history of various algorithms.
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B. Continuity Equation and the Pressure Field
One of the major difficulties with the low Mach number and

incompressible flow models has been the calculation of the
pressure field. This difficulty is due to a little understood
sensitivity of the pressure field and the convective velocity term
to errors in the convergence of the continuity equation. This
sensitivity seems to be much greater than in the full compress-
ible equations, and the problem seems to be amplified further
when low Mach number variable-density solutions are re-
quired. It is the present author's opinion that the problem is
not one in principle, but only a practical one of sensitivity to
error and poor convergence. In this article, a new method is
described (the methods borrows heavily on the previous work
of Chorin) and has successfully treated reacting and low Mach
number flows in an efficient and time-accurate manner. The
method involves two parts and these are, respectively, the
solution of the continuity equation and the pressure correction
at the unknown time level (n + 1).

The method can be though of as a two-variable method
rather than a two-grid method of the staggered-grid type,
which has been used for incompressible flows in the past.1 The
staggered-grid method loses much of its attractiveness in vari-
able-density flow due to the fact that the density must be
extrapolated to the cell boundaries, and this involves an inac-
curacy in the description of the mass flux into a cell volume.
The present solution is to define a velocity at the cell center V
used in the inertia volume term in the momentum equations,
and a velocity at the cell boundaries Vb which will be used to
satisfy the continuity equation and to calculate fluxes into
cells. The first step of the procedure is to solve the momentum
and other transport equations for intermediate values of the
variables with the old pressure field. This procedure is outlined
below in a typical finite-difference form, which is more famil-
iar for most readers.

Step I — Solution of Momentum Equations with Old Pressure Field

(9)= - Vp" + RHSn+l

where the following notation has been used:

= intermediate velocity at cell center
= previous velocity at the cell center

RHSn+ ! = viscous plus the convective terms at (n + 1)

Step II — Correction of the momentum equations with the pressure
correction a to be determined from the continuity equation

p(Vn+l- V')/At = - Vce

The addition of steps I and II yields

(10)

(11)

which is a consistent form of the full Naiver-Stokes equations,
and the overall method can be made second-order accurate in
time if iteration is employed.

The pressure correction a is to be determined from the use
of the continuity equation in the following fashion

Basic idea: A velocity correction at the cell boundaries will
be introduced to satisfy the continuity equation, and which
will determine the pressure correction during a time step. This
is an alternative to having staggered grids, and it seems to be
advantageous for time-dependent problems on complex grids.

The specific procedure is to form the average density and
velocities at the cell boundaries and apply the continuity equa-
tion, which results in the following equations:

Integrate pbVb Around the Cell:

Apply Continuity Equation:

therefore

\\b\PbV\-dA} = - \\b\pbVc - d A ] -dp/dtdV (13)

where the following definitions are used:
V\ = averaged velocity at cell boundaries obtained from step

I of the momentum equations
Vb = corrected velocity at the cell boundaries after the veloc-

ity correction
Vc = velocity correction at the cell boundaries
V — V* -4- V' b ~ r b ' r c
pb = average density at cell boundaries obtained from the

energy equation and the equation of state
p = density at the center of the cell
d V = volume of cell

The next step is to define a velocity potential <j>

(14)

If the velocity comes from a potential function, then all of the
rotational components of velocity come only from the momen-
tum equations where viscosity plays its roll. The velocity po-
tential is substituted into the continuity equation, and the fol-
lowing integral Poisson equation for </> is obtained:

(II) dp/dtdV + \\b\pbV\ - dA] = • cL4] (15)

If the half cells which appear near the computation
boundaries for a nonstaggered grid are included in the mass
balance, there is not need to apply boundary conditions for the
velocity potential $ (except for the downstream boundary). In
general, the half cells near the wall are not treated for the
transport equations, but if the half cells are not include in the
mass balances, it is necessary to apply boundary conditions for
the pressure correction a. The boundary conditions should be
obtained from the limit of the momentum equation near the
surface, or approximations related to them. The typical high
Reynolds number boundary conditions for 0 are the follow-
ing, but they should be modified for specific applications.

Boundary Conditions for
Solid Wall (No Wall Mass Transfer):

or
V 0 - d / 4 = 0 or d</>/d« = 0

Inflow - Constant Velocity:

d(t>/dn = 0

Outflow:

(16)

(17)

(18)

This boundary condition can be confusing, but corresponds to
the analytical condition. Also we need a value of </> specified
somewhere on the boundaries.

The pressure correction a is obtained directly from the ve-
locity correction potential </>, and the justification for this can
be seen by applying the partial form of the momentum equa-
tion at the grid boundary (the same as a staggered grid).

Split Momentum Equation Applied at the Boundary of the
Cell:

(I) (12) PbVc/AtdVb = -\\bOLbn -dA (19)
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where the following notation is used:

dVb = volume of hypothetical staggered grid
a =

Applying Gauss's Theorem,

(20)

Thus, it is seen that the velocity potential </> and the pressure
correction a. are directly related by the time step.

The above formulation of the calculation of the pressure
field has the advantages that there is not any decoupling of the
pressure field, the continuity equation can be solved to ma-
chine accuracy at every time step, and the method is time
accurate. This combination represents an advancement over
most older methods, and it accomplishes this without the com-
plexity of a staggered grid. Another significant new feature is
the use of a direct solver to calculate the velocity and pressure
corrections.

C. Moving Boundaries
The final topic to be discussed in this section on numerical

methods is the treatment of moving control volumes in gen-
eral, and moving control volumes for vaporizing deposits in
particular. For a control volume for which the boundaries are
moving in time with velocity Vb, the following equation can be
derived from kinematic considerations.

Moving Boundary Equation:

(21)

If this result is combined with the general form of Liebnitz rule
for any property s,15

- dA (22)

the continuity equation can be written in the moving control-
volume form, which is as follows:

Moving Boundary-Continuity Equation:

d/dt\b + JJp(K - Vb) • dA = 0 (23)

In general, all of the equations can be converted into a similar
form, and the moving control-volume form has the advantage
of physical clarity for the moving boundary terms when com-
pared to the time-dependent metrics of generalized coordi-
nates. (The number and complexity of the computations are
the same.) However, this full complexity is not needed for the
burning or vaporizing droplet problem, since the droplet sur-
face is spherical and the coordinate system can be reduced with
the interface in a self-similar way. If all lengths are made
dimensionless with the time-dependent radius r0(t), the vol-
umes and areas of the cells remain self-similar, and they need
only to be corrected by a time-dependent term. For example,
if the dimensionless length terms are denoted by a prime, the
continuity equation can be written as

Results
The results presented in the article will be concerned with a

complet droplet burning problem, which involves the vapor-
ization and burning of a 50-jum radius octane droplet at 10
atms. The initial conditions for the problem consisted of the
injection of the droplet into high-temperature air, Re = 100,
Tg = 1250K, and the initial droplet temperature was 470K. In
order to simplify the calculation, the internal droplet circula-
tion was neglected, it was assumed that the droplet tempera-
ture was uniform in space and increased in time due to droplet
heating. (This is a reasonable approximation since a large per-
centage of the droplet mass is contained in the outer portion of
the droplet.) Under these conditions, there is an initial droplet
heat-up period until the total surface heat transfer is eventually
consumed by mass transfer. The concentration of the fuel at
the droplet surface is determined by the Clasius-Clapeyron
relationship,16 and the surface mass transfer determined by
diffusion. The results will be presented so that the various flow
regimes that the droplet undergoes will be illustrated. (Note:
The transport properties of Ref. 16 and the single-step chemi-
cal mechanism of Ref. 17 have been utilized.)

It is instructive to begin the study with a series of snapshots
of the isotherm contours around the droplet, Figs. 4-7, which
illustrate clearly the influence of Reynolds number on the
chemistry and flame structure. (The coordinate system has
been normalized with respect to the local droplet radius and
the Reynolds number is based on the local radius and relative
velocity between the gas and droplet center.) The highest
Reynolds number condition in Fig. 4 shows an isotherm pat-
tern very similar to the steady-state results presented in Ref. 6.
(Note: The isotherm distributions are uniform over the ranges
stated in the figures.) The gas phase of the flow appears to be
essentially quasisteady under the present flow conditions, and
the chemistry is not fast enough to stabilize the flame on the
forward portion of the droplet. As the droplet velocity decays
with respect to the gas, the flame structure begins to approach
the droplet in the vicinity of the well-mixed and relatively
hot-separated shear layer which leaves the droplet surface. As
the Reynolds number approaches 25 (Fig. 5), the flame begins
to move around the droplet to the front stagnation point, and
at the Reynolds number of near 20 (Fig. 6), the flame com-
pletely surrounds the droplet. The last series of temperature
contours shown in Fig. 7 exhibit a very diffuse flame that is
moving well ahead of the droplet into the oncoming gas flow.

Fig. 4 Temperature contours (Re =49.1;
tour range: 479K< T<2412K).

Tmax

S = 479K; T = 11.9; con-

= dp/dtAV>
(24)

Since the radius of a hydrocarbon droplet is usually receding
at a rate that is small with respect to the other time scales in the
problem, the extra terms can be treated explicitly without in-
fluencing the numerical stability of the procedures. With the
use of the direct solver for the velocity and pressure correc-
tions, the self-similar form is essential since the lower and
upper decompositions of the matrix can be made independent
of the changing coordinate system.

max

Fig. 5 Temperature contours (Re =31.9; TS=494K; r = 19.5; con-
tour range: 494K< T <2438K).
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max

Fig. 6 Temperature contours (Re =22.7; J5=503K; r = 24.5; con-
tour range: 503K<2498K).

Fig. 9 Fuel contours (Re = 18.7; Ts - 504K; T = 27.1; contour range:
0<y*< 0.926).

Fig. 7 Temperature contours (/te = 18.7; J5 = 504K; r = 27.1; con- Fig. iO Oxygen contours (Re =49.1; J5 = 479K; r = 11.9; contour
tour range: 504K < T < 2550K). range: 0 < T < 0.21).

Fig. 8 Fuel contours (Re = 49.1; Ts = 479K; 7 = 11.9; contour range:
< 0.598).

Fig. 11 Oxygen contours (Re = 18.7; r5=504K; r = 27.1; contour
range: 0<J<0.21).

The time given in all of the figures has been made dimension-
less with the initial droplet radius and the thermal diffusivity
of the freestream air.

The distribution of fuel mass fraction at the two extreme
Reynolds numbers is shown in Figs. 8 and 9, and it is seen that
the mass contours reflect the local value of the Reynolds num-
ber very closely. For the higher Reynolds number flow in Fig.
8, the fuel is limited to the boundary layer and wake of the
droplet, and the largest mass fraction concentrations are
reached in the wake. The opposite picture is shown by the
oxygen mass fraction contours in Figs. 10 and 11, and it is clear
that very little oxygen is present near the symmetry line of the
wake. At the lower Reynolds number condition, the influence
of the low mass-diffusion coefficient relative to heat transfer
is shown in Fig. 9. This Lewis number effect in the gas phase
causes the fuel mass fraction contours to be bunched near the
droplet surface, and this is a direct result of the higher Peclet
number.

Another potential problem with any multidimensional nu-
merical simulation is caused by the flame approaching the
upstream computational boundary of the gas flowfield at the
lower Reynolds number condition. In order to avoid this prob-
lem, the physical boundary conditions of the computational
zone must be extended further upstream, and the transition
from the inflow to the outflow boundary condition must be
further upstream. Also, from the numerical point of view, it
should be mentioned again that the dynamic pressure-field
calculation is very sensitive to fast chemistry through the time-
dependent density term in the continuity equation. If the mass
fractions begin to oscillate between neighboring cells, the pres-
sure oscillations can become quite large, and the solutions can

degrade seriously. Further studies are needed in this area to
determine if the low Mach number model amplifies this prob-
lem because of the infinite sound-speed assumption that is
applied.

The global characteristics of this flow as a function of time
are shown in Figs. 12-15. A particular interesting characteris-
tic is the total drag coefficient and its components, which are
shown in Fig. 12. In general, the value of the drag coefficent
is much lower than the standard drag curve for flow over a
sphere, but the general level is predicted in an approximate
way by the correlation of Renksizbulut and Haywood (entitled
the RH correlation in Fig. 12.)8 This steady-state correlation
assumes that all of the heat transfer is utilized for mass trans-
fer, and this is not true early in the droplet lifetime because of
internal heating. The calculated drag coefficient is higher than
the correlation due to reduced mass transfer, and the calcu-
lated results approach the correlation as the droplet tempera-
ture increases due to heating. The correlation also does not
take into account the dynamic motion of the flame around the
droplet, and the increase in drag coefficient during flame en-
gulf ment is not reproduced. However, in general the correla-
tion does give a rough time-dependent average of the drag
coefficient, and it can be useful in design applications. The
pressure and thrust drag components shown in Fig. 12 make it
quite clear that the major component of drag is being con-
tributed by the pressure drag. The thrust drag and the friction
drag (that contributed by the shear stress) are small relative to
the pressure drag, and the most dramatic influence of the
surface mass transfer is the lowering of the friction drag.

The Nusselt number curve in Fig. 13 does not agree with
conventional results or the correlation developed by Renk-
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Fig. 12 Droplet drag components vs time. Fig. 14 Reynolds number vs time.
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Fig. 13 Nusselt number vs time. Fig. 15 Variation of droplet surface area and mass.

sizbulut,8 due to the influence of the flame structure. The
definition of Nusselt number contains the difference in tem-
perature between the gas freestream and the droplet surface
temperature, but this underestimates the potential for heat
transfer caused by the higher temperatures of the chemical
reactions. However, it is not a simple question of using a
different temperature in the definition of the Nusselt number,
such as the adiabatic flame temperature, since the flame posi-
tion is changing continuously in time. As the Reynolds number
decreases, the flame first contributes to heat transfer in the
wake of the droplet, and then gradually heats the entire droplet
as the flame envelops the droplet at lower Reynolds numbers.
It is seen that there is a rather long transition in the heat-trans-
fer processes as the flame move around the droplet, and the
peak in Nusslet number is caused when the flame first sur-
rounds the droplet. It is the opinion of the present investiga-
tors that this type of process can only be treated well with a
complete numerical simulation.

The significant influence that variable transport properties
can have on a vaporizing and burning droplet problem can be
seen in Figs. 14 and 15, where two different definitions of the
Reynolds number are presented. These two definitions are
based on the gas and surface properties, respectively, and they
are defined as

(25)

The surface Reynolds number given in Fig. 14 is much larger
than the gas values given in Figs. 14 and 15, and this is caused
by the lower temperature, higher molecular weight, and lower
viscosity near the octane droplet surface. In order to use a
correlation for the drag coefficient, the large density change at
the surface is not important, since the inviscid flow outside the
boundary layer is only influenced by the freestream condi-
tions. However, for the interior of a droplet spray, the density
change caused by cooling and high fuel concentrations could

easily cause Reynolds number differences of the order shown
in Figs. 14 and 15. Therefore, it appears that in many droplet
flows it will be very difficult to apply semiempirical correla-
tions because of the lack of knowledge about the flow trans-
port properties. In order to obtain these properties, a numeri-
cal simulation seems to be required, and the numerical
simulation will yield the flowfield characteristics without the
need for a correlation. Also, since the capabilities of the digital
computer are increasing rapidly, it will be more feasible in the
future to carry out difficult calculations of this type. There-
fore, it appears that simulations of the type presented in this
article will play an increasing role in droplet dynamics and
combustion flow systems in general.

Conclusions
The major conclusions of the present research effort have

been the following:
1) A general control-volume formulation of the basic equa-

tions of mass, momentum, and energy has been developed and
presented. The method reduces to generalized coordinates on
a structured grid, but it has the advantageous of clear physics
for all equations and boundary conditions, as well as exten-
sions to complex cell shape.

2) A two-velocity-variable formulation of the pressure-cor-
rection algorithm for low Mach number flows has been devel-
oped and applied to reacting flows. This new method is an
alternative to the use of a staggered grid and is applicable to
unsteady and variable-density flows.

3) The direct solution of the pressure-correction Poisson
equation has been accomplished with a banded solver of the
LUD type. The banded solver is independent of the transport
properties and time step, and a matrix inversion only needs to
be done once for use at all time steps. The use of this technique
insures that the continuity equation will be converged to ma-
chine zero at each time step, and nonlinear errors in the pres-
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sure-correction algorithm will be suppressed.
4) Very fast chemical reaction rates can cause oscillations in

the pressure field, and this may be caused by the low Mach
number formulation itself. This subject as well as the uncer-
tainty in chemical reaction rates should be studied more in the
future.

5) For a fuel droplet starting at a high Reynolds number
condition, the flow regimes can change quickly due to an
interplay with the flame location. As the flame moves from the
rear to the front of the droplet, there are large changes in
droplet heating rates and smaller changes in the drag coeffi-
cient.

6) The general ability of the computed results to simulate
droplet burning and flow seems to be good at the present time,
and the future of this type of research seems to be promising.

However, there is much work left to be done on the chemical
rate terms from the point of view of the numerical methods
and the physical accuracy.
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